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The s ta t ic  p r e s s u r e  on the dividing s t r e a m l i n e  in intense blowing of a gas through the wall  of a 
wedge in a superson ic  flow is de te rmined .  

In s e v e r a l  invest igat ions ([1,2], and o the r s ) t he  expe r imen ta l  data w e r e  p resen ted  bas ica l ly  in the f o r m  of 
angle of inclination of the contact  sur face .  Bott [1] d i scussed  the effect  of the v i scos i ty  on the dividing s t r e a m -  
line on the expe r imen ta l  r e s u l t s ,  but p r e sen t ed  no numer i ca l  r e s u l t s  for the influence of this factor  on the  shape  
of the dividing s t r eaml ine .  

The p resen t  author a t t empts  to show how to de te rmine  the numer i ca l  effect of v i scos i ty  during intense 
blowing on a wedge on the posit ion of the contact  su r f ace ,  using the r e l a t ions  at the shock wave and a c o r r e l a -  
tion of [1]. 

We consider  the exact  r e l a t ion  of [3] for a pe r fec t  gas;  this  r e l a t e s  the flow deviation and the p r e s s u r e  
d i f ference  in pass ing  through a shock wave.  When gas is blown through the wall  of the wedge and the shock 
wave is a t tached,  one can wr i t e  this  re la t ion  in the f o r m  

tg (o + ,Ao) = I C ~ - ~ I  cp 
2 - -  Cp 

Car ry ing  out a t r an s fo rm a t i on  in Eq. (1), we obtain 

1--  Y + 1  M~ Cp |~- .  
�9 2 M~-I 2 1 1 ' ? - 7  1 M2 Cp 

2 ~ 2 - 
(1) 

f('~ y+14 [ l + ' ~ s i n ~ ( 0 + A 0 ) - -  ; ~ Z - J  C ~ + |  

+ 4  (1 4 1 ) s i n Z ( 0 _ h 0 ) C p §  16 sin' (O + A0) 
"l' + 1 M~. ' (7 ~-- 1) M~ = O, (2) 

where  A0,  accord ing  to [1], is given by the re la t ion  

1 

t gA0=  -Bp-  T T ~ ,  . 

Since the p r e s s u r e  eaa  be de te rmined  by calculat ing the viscous  in teract ion,  we can solve Eq. (2) by the method 
of succes s ive  approximat ions .  

1. F i r s t  A p p r o x i m a t i o n  ( R e  x = oo) 

Even in this s imp le s t  case  it is difficult to solve Eq. (2) in the genera l  form.  The re fo re ,  we use  a r e su l t  
f r o m  thin body hypersonic  theory ,  which gives only an approx imat ion ,  but a value s o  c lose  to the t rue  root  ~, 
that  we can use  ce r t a in  methods to obtain fur ther  improvement .  Let 

1 

A 0 ~  ~_, 4 = - -  
p Bp= 

Kiev Insti tute of Civil Aviat ion Engineers .  T rans l a t ed  f r o m  Inzhenerno-Fiz ichesk i [  Zhurnal ,  Vol. 30, 
No. 6, pp. 1017-1024, June,  1976. Original  a r t i c l e  submit ted  January  13, 1975. 

This material is protected by copyright registered in the name o f  Plenum Publishing Corporation, 227 West 17th Street, New York, N.Y. 10011. No part [ 
I 

o f  this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, l microfilming, recording or otherwise, without written permission o f  the publisher. A copy o f  this article is available from the publisher for $ 7.50. 

663 



Then  

p = I + T M S \ O + - ~ (  4 " " 

Since 15_>1, the  quant i ty  Y - -  1 - -  can be neg l ec t ed  in c o m p a r i s o n  wi th  ~ and we  obta in  the  fol lowing r e s u l t f r o m  
y + l  

Eq. (3): 

P'--r4+?(?+[ 2 l) K~]j pZ+[l--y(?+l)KoK,]p-- Y(Y+2 I) Kr (4) 

We so lve  th is  equat ion  by  the  m e t h o d  d e s c r i b e d  in [4]. 

In t roduc ing  the  no ta t ion  

4 + , / ( y  + I)K~ b = ~ 2 [ t _ _ , l ( ~ l + l )  K~K,] ' ~ z = ~ / /  2 
x = ~ ,  a = - - ~  2 ' v ( v +  1)KS 

into Eq. (4), we obta in  

If  a > 2, then  

[ (x) = x 3 + ax ~ + bx - -  1 = O. (5) 

] 2r- t~ 1///" 2 o ~ - -  > Kr ~ O, - -  a g ,  + ~z'K$ + 4 > ge ~ 0 (6) 
2 V~ 

and the  funct ion f(x) changes  s ign  in the  i n t e rva l  [0, 1]. H e r e  f(0) < 0, f(1) > 0. F r o m  the l a s t  inequal i t i es  and 
the  e x p r e s s i o n  x I x 2 x 3 = l  it fo l lows tha t  only  one r e a l  r o o t  fa l l s  be tween  0 and 1. Using the  t h i rd  Chebyshev  
po lynomia l  

T 3 (x) = 32 x s - -  48 x ~ + 18 x - -  I, (7) 

Cons t ruc ted  in the  i n t e rva l  [0, 11, we  can  r e d u c e  Eq. (5) to  a quadra t i c .  The  r o o t  of  th is  equat ion lying in the  
r a n g e  [0, 1] g ives  a va lue  fo r  the  d i m e n s i o n l e s s  p r e s s u r e  p = ~ , l e s s  than  1. T h e r e f o r e ,  we  find the  d e s i r e d  
r o o t  ~ f r o m  the  equat ion 

- b__ = 0 .  

~ n c e  of  the  two r o o t s  of  th i s  equa t ion  one is p h y s i c a l l y  n o n r e a l  ( less  than  1), we  f ina l ly  ob ta in  

- -  I p~== 1 +  ? ( ? + I ) K ~  P* ,~ ( '~+I )KeK, - - I+p ,  2 +  ' (V+~I)K-~ p, l - i -1  n- ?(~,-+-l)Kg p, (8) 
4 2 2 ] 4 2 ' 

w h e r e  

If  a < 2, then  

p, ~- 

3 + V; (o-+-z) 

K,  > 1 K0 > /0  (9) 
2 ] / ?  (7 + 1) 

and the funct ion f(x) wi l l  s t i l l  be  nega t ive  a t  the  point  x = l ,  and so  the  r o o t  of  Eq. (5) wi l l  be  loca ted  in the  r a n g e  

[1, ~o]. We m a p  th is  i n t e r v a l  u s ing  the  t r a n s f o r m a t i o n  x = 1 in the  r a n g e  [% 1]. In th is  e a s e  Eq. (5) b e c o m e s  
x 

the  equat ion 

f (x)------x~+ bx ~ --  ax ,+  1 = 0 (10) 
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Simultaneous cons idera t ion  of Eqs. (7) and (10) al lows us to choose a root  located in the range  [0, 1] and to use 
it and the or ig inal  equation (4) to find one phys ica l ly  poss ib le  solution for  the p r e s s u r e  coefficient  in the f o r m  

pl = (11) 
a ,'-- 0,5625 § V / ( a  "i- 0,5625)2T'-4-:019687-i-)-~Sb-i -" 

\2 / 

The approx ima te  values  of the root  Pl of Eq. (2), de te rmined  f r o m  Eqs. (8) and (11), can be improved  by the 
method of [4], and one finally obtains 

P = Pl Jr- hi, (12) 

where  

The function f~ )  is chosen using Eq. 
f o r m  

1 f' (P-l) i f" (p,) 
h~ f (p,) 2 f' (PO 

(2) at the point ~ =Pl. The de r iva t ives  of this function for  p =~1 have the 

[ 8 ( , ) ]  f,(~,) = . . . . .  2Cp, 3Cp, i w-  M~ 
yM~ V + 1 M= 

. )( ) >< ( 1 4 1 2C,~, 1 ~ 4~p sin 2 (0 -1- A0) 
F 2 

o 

X 

x/ 

where  

>< V ~ i  - -  ( 7 +  I)%V/~ -v- ? (? -+- 1) M~ V 

X 

AO=arctg-.  _~ , C p , -  2(p1--1) 
Pl 7M~ 

The r e su l t s ,  de te rmined  using Eq. (12) for  all  0 + A0, al lowed in shock theory ,  and M~ > 2.5, give a highly a c -  
cura te  root  ~ of Eq. (2), s ince the values  of f(l~ i +h l) in our calculat ions for 0 +A0 f r o m  5 to 40 ~ and M~o f r o m  
2.5 to 20 did not exceed unity in absolute  magnitude in the fifth dec imal  place.  Thus,  the f i r s t  approximat ion  
co r r e sponds  to pl+h I and 0 +A01, where  

AO l --arctg ._ $ 
Pl § hl 

2.  S e c o n d  A p p r o x i m a t i o n  ( W e a k  I n t e r a c t i o n )  

Applying the a rgumen t s  of [5] to our case ,  we note that  weak  Lnteractions will  appea r  for  sma l l  0 +AS 1 
and la rge  Mach and Reynolds n u m b e r s ,  or  for modera t e  supersonic  Mach numbers  and low Reynolds numbers .  
These  in terac t ions  will  a lso  appear  for l a rge  Mach numbers  and la rge  values of 0 +A0 i. As was t rue  in [5], 
the flow without v iscous  effects  will  be denoted by the subsc r ip t  " f i r s t , "  apar t  f r o m  the local  p a r a m e t e r s  Kr = 
M~r and K0r =M~(O +A0).  We shal l  take the p r e s s u r e  to be constant  a c r o s s  the boundary l ayer  and wr i te  it 
without a subscr ip t .  Since weak  in terac t ions  a r e  c h a r a c t e r i z e d  by the per turba t ion  of h~itEal flow conditions 
caused by the hypersonic  boundary l aye r ,  the ra t io  of local  p r e s s u r e  on the dividing s t r eaml ine  to the local  

d6* 
p r e s s u r e  in the inviscid flow can be r e p r e s e n t e d  as  a power s e r i e s  in - -  in the f o r m  

dx 

665  



, p .  p~ dS* 1 p| p| 
P = 1 : -- (13) 

Pfint Pfirst " dO o=o, dx + 2 /~irst dO z 0=% ~ , ~ ]  + " "  "' 

where  P first = Pl + h:t and is given by Eq. (12). 
P~ 

The f i rs t  coefficients of the se r ies  (13) in the tangent wedge approximation without correct ion for centr i f -  
ugaI forces can be calculated f rom Eq. (2) and have the f o r m  

u ~ -&/~-) ~ u M~ ) sin~O* 

d 2 P \ d P 

, dO 2 0=% = 2 dO 0=% 

,;-2g- , �9 .,,~ _~ y + 1 , 
X etg 

y+i . 

x[6Cp 8 . ( l + t ,  s i n 2 0 , _ _ ~ 2  ) 1 
y + l  

- - 3 C 2 - - 4  ( l  ?+14 1 )sineO * 
(15) 

where C~ = 2 (p: + h: -- 1) and 0, = 0 ~ arctg # . F r o m  [5] for laminar  flow in the boundary layer  on the 
yM~ ' P: + hi 

dividing s t reamline  and without heat t ransfer  f rom the surface of the imaginary wedge with semiver tex angle 
0 r  we obtain 

M2 ..t Z--first (16) 
d ~ *  = d f i =  t V q i r s t  ~ = , 
dx ](. Re.first ~'first Mfirst 

where 

A (Pr) Ter 
d first = M.~irs t 7~irs~ + (y --  t) B (Pr), 

To, VP) V-- I 2 
Tfirst ~ 1 + 2 Mfirs t , (17) 

"~ t (  ~'rs' 

Here /~ is determined from the Sutherland formula, and A(Pr) and BOA') are functions of Prandtl number and 
are given in [5] for Pr =I and 0.725. The induced pressure, calculated from Eq. (13) for the appropriate value 
of x, will be the second approximation. F r o m  it we find the increment in the angle caused by the blowing of gas,  
using the relat ion 

A0v--arcig 
P 
P~ 

This approximation corresponds to the imaginary wedge surface with semiver tex  angle 0 +A02. 

A th i rd  approximation for the p ressure  is obtained for the same value of x using Eq. (13). Here the flow 
parameters  without viscous effects in Eqs. (13)-(17) a re  determined using the angle 0r = 0 +A02. The formula 
for calculating the p ressure  reduces  to the form 
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Pffrst 1 + 7M~ (Cp= -t- h), 
p~ --2--  

where  

1 2 A '  B 

B - -  0.5625-- ]fiB - -  0.5625) ~ + 4.0.9687 (A + 1.5) . 
Cp, = 2~ (A + 1,5) ' 

a / 1 '~. 13=. V ( y +  1)/14: ; A =  413 I ( l+~inZ0,  - 
16 sin~O, ~?+1 _ 

) 
B=41fl2sin'0r 4 1 ) .  1 _ f'(C,,) _} 1 f"(Cp,) . 

v + l  M~ ' h f(C,,,) 2 f ' (C, , , )  ' 

A 2 B 1 
f = + + 

The next approximations a r e  calculated s imi la r ly .  Clear ly ,  the cor responding  approximations for the p ros -  
su res  on the dividing s t reaml ine  fo rm  two in tersect ing s e r i e s ,  tending to the same limit .  The odd approxima-  
tions tend to the l imit  f rom the left  and the even approximat ions,  f r o m  the r ight .  

3.  T h i r d  A p p r o x i m a t i o n  ( S t r o n g  I n t e r a c t i o n )  

Strong interact ion for bodies of general  shape is cha rac t e r i zed  by quite large Mach number and quite low 
values of Rex. In our case  the s ta t ic  p r e s su re  p/poe and the displacement  thickness 6 * / x  along the outer edge 
of the boundary layer  a re  given by the asymptot ic  s e r i e s  

. . . . . . .  - : -  ~-, (is) P ;OZ 1.4-  p,Ko, +P2=Pa o, - ; -O(z  ) 
P-- ---.2 Z Z 

I [ " 6" ~ o 6tKo r 62 @ 6aK~ * 
. . . . . .  60 1 ~-._v 7~ ' x ~ I ~ -  @ - . . . .  i - -  k -- - - - -  0 (Z --) ( 1 9 )  

r c :  / \ 
K0r = ~ + t g =  ) ;  Po, Pi, P2, P3, 60, l, 62, 63 a re  constants ,  f .  m and 6 unknown where  M| 0 arc til-' 34e 

p~:- , I:Rex~ 
determined  by solving the boundary- layer  equations, and in the tangent wedge approximation a re  linked by the 
re la t ions  

9 ~ 8 / 1 ) 10 

.~ 32 3 7 + 1  1 10 16 ( ~_0) 2 
9 -  7(?..i_l)e- 5 ~ '  P a = : ~ -  6 .~+~  -- 61+ �9 

(20) 

Values of the la t ter  constants have been calculated and tabulated, for example,  in [6] for T =1.4 and values of 
Pr of 1 and 0.72, for different  the rma l  conditions on the wedge wall. The re fo re ,  the second approximation for 

the p r e s s u r e  in our case  is found f rom Eq. (18) for the appropr ia te  value of x, with the given value of To- a0, 
and f r o m  the p r e s s u r e  we calculate the angular increment  To 

h02:.: arctg ~ and 0t~ = 0 @ ;~02 . 
P 

P, 

F r o m  these  data, for the same value of x, in complete analogy with the weak interact ion case ,  We determine  a 
th i rd  approximatton for p / p ~  f rom the determinant  pa rame te r  K 0 r = M~(0 + A 0 2)- Thus,  the next approxima-  
tions a re  determined.  
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Fig. 1. The dimensionless  p r e s s u r e  ~ on the dividing s t reaml ine  
(a) andthe  increment  of  angle A0 (b) as a function of the blowing 
pa r ame te r  r  for  different  positions of the wall  slope and unper-  
tu rbed  flow Much numbers :  a) O =20 ~ b) 0~ 1) M~=7;  2) 10; 
3) 15. 

TABLE 1. Values of Dimensionless  P r e s s u r e  at 
the Shock and Effect ive Wedge Angle as a Func-  
t ion of Approximation Number 

i Approximation No. _~a P~ 

1 ! 19.04 
2 23.0O 
3 20,30 
4 21,90 
5 i 21,05 
6 , 21,35 r 

ao, deg t~ o+aO, deg 

16,66 
13,92 
15,61 
14,59 
15,17 
14,95 

26.66 
23,92 
25, 61 
24,59 
25,17 
24,95" 

For  compar ison ,  Fig. 1 shows par t  of the computations pe r fo rmed ,  in the fo rm of ~ and A0 as a function 
of different  positions of the wedge wall ,  and fo r  different  blowing p a r a m e t e r s  and oncoming s t r e a m  values for  
the case  R e x - - ~  (first  approximation).  When the viscous interact ion is allowed fo r ,  5-6 approximations were  
enough to compute a single position of A0. By way of example,  Table 1 shows one of these  calculat ions,  i l lus- 
t ra t ing  the speed of convergence of the method under the following conditions: 0 =10~ M~ =7; Pr  =0.725; 

=5.7; x=0.005 m; and H=30 km. 

N O T A T I O N  
2 ( ~ - 1 )  p 

M~, Much number  of unper turbed s t r eam;  T, adiabatic index; c~ -  ~M~ ; ~= -~-~' p '  p r e s su re ;  m, 

mass  flow ra t e  of blown gas, g / c m  ~- sec;  Tw, t e m p e r a t u r e  of blowing gas; To, stagnation t empera tu re ;  
B = 0.468; R o = 8.314- 103 J / d e g -  k- mole (gas constant); M, molecular  weight of blown gas; e, = 0 + Ae = ow + 

+ ae; 0w, wedge s emive r t ex  angle; iv, angle of a t tack;  A0, increment  of angle due to blowing; K0 r = M~o0 r ; 
KO =M~O; Kr =M~r  Rex,  local Reynolds number;  P r ,  Prandtl  number .  Indices: 0r  ~ ,  conditions on the 
contact sur face  and in the undisturbed flow. 
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